Abstract. We consider a 3D quantum system of N identical bosons interacting via gravitational potential with the attractive interaction strength a N /N . We investigate the blow-up behavior of ground state energy and ground states in the limit N → ∞ when a N approaches a critical number a * (Chandrasekhar limit). The blow-up profile of the many-body system is given by optimizers of Gagliardo-Nirenberg interpolation inequality.
Introduction
It is well-known that boson stars are unstable when their masses are bigger than a critical number, which is discovered by Chandrasekhar [2] in 1930. This phenomenon is usually referred to as the collapse of boson stars. In this paper, we will study the collapse phenomenon of boson stars from a rigorous mathematical approach.
We consider a system of N identical bosons in R 3 , described by the the Hamiltonian with the relativistic kinetic operator and the gravitational interaction potential:
the Hilbert space of square-integrable symmetric functions. Here the parameter m > 0 is the mass of particles. The trapping potential V (x) is V (x) = |x| p for a fixed parameter p > 0. The parameter a N > 0 describes the strength of the attractive interaction. We will take a N ր a * for a critical value a * described below. The coupling constant 1/(N − 1) ensures that the kinetic and interaction energies are comparable in the limit N → ∞.
We are interested here in the large-N behavior of the ground state energy per particle of
Ψ, H N Ψ .
1 and the corresponding ground states. We will assume that a N < a * , where a * is the optimal constant of the type Gagliardo-Nirenberg interpolation inequality
|u(x)| 2 |u(y)| 2 |x − y| dxdy, ∀u ∈ H 1/2 (R 3 ).
( 1.2)
It is well-known (see [27, 16, 9, 18] ) that 4/π < a * < 2.7 and that the inequality (1.2) has an optimizer Q ∈ H 1/2 (R 3 ). This optimizer can be chosen to be positive radially symmetric decreasing and satisfies
|Q(x)| 2 |Q(y)| and it satisfies the decay property (see [9] )
The uniqueness (up to translation and dilation) of the optimizer for (1.2), as well as the uniqueness (up to translation) of the positive solution to the equation (1.4) , is an open problem (see [27, 17] for related discussions). In the following, we define the nonempty set G by G = {all positive radially decreasing functions satisfying (1.
In a seminal paper [27] , Lieb and Yau proved the convergence of the quantum energy to the semiclassical energy
for a fixed a N = a < a * . Here the Hartree energy functional E H a is obtained by assuming that all the particles are in the same one-particle state
Hartree energy e H a is thus an upper bound to the many-body energy e Q N . We note that Lieb and Yau proved (1.7) without external potential, but this result holds also with an external potential V . A new proof of (1.7) was found recently by Lewin, Nam and Rougerie [19] , their approach was based on the quantum de Finetti theorems [33, 15, 4, 3, 13, 7, 19, 20, 32] . This approach will be usefull for us in the present paper. Also in [19] the authors proved that, in the case of trapping potential, the many-body ground states condensate on the ground states of the Hartree energy functional when the number of particles becomes large. The convergence of ground states is formulated using k-particles reduced density matrices, defined for any Ψ ∈ H N by a partial trace
Ψ is the trace class operator on H k with kernel
instead of looking for norm difference Ψ N − u ⊗N . In the present paper, we study blow-up phenomenon of bosons stars when a N ր a * as N → ∞. We will show that the many-body ground states have a universal blow-up profile described by G the set of Gagliardo-Nirenberg optimizers. Our work is inspired by the recent study in [23] on the mass concentration of the Bose-Einstein condensate described by the 2D focusing many-body systems. In 2D case, the Gagliardo-Nirenberg optimizer is unique. In our case, the uniqueness of Gagliardo-Nirenberg optimizer is unknown. It requires new ideas to overcome this difficulty.
To state our result, let us introduce the following notations
where q = min{p, 1} and
(1.9)
Our main result is the following Theorem 1 (Collapse and condensation of the many-body ground states). Let V (x) = |x| p for some p > 0, and 0 < a * − a N ≤ O(N −α ) with 0 < α < 1/3. Then we have, as N → ∞,
Assume further that 0 < p ≤ 1 and 0 < α < p 17p + 15
. Let Ψ N be a ground state of H N (which exists). Then, along a subsequence of the rescaled states
exists a Borel probability measure dµ supported on G in (1.6) such that
Remark 2. If the Gagliardo-Nirenberg inequality (1.2) admits an unique optimizer, up to dilation and translation (as conjectured in [27, 17] ), i.e. G = {Q 0 }, then we have
, ∀k ∈ N, and the convergence holds for the whole sequence as N → ∞.
In the mean-field regime, the blow-up phenomenon is much easier, we refer to [12, 31, 34] for the related discussion, see also Section 2 for a review. Our method in the present paper is based on a combination of the quantum de Finetti theorem [33, 15, 19, 32] and a second moment estimate for ground states. More precisely, we will use a localization method to reduce the problem to a finite dimensional setting, and then we may employ the quantitative version of the quantum de Finetti [4, 3, 13, 7, 20] with a refined relativistic estimate. The second moment estimate is a classical idea, which goes back to [6] (see also [22, 30] ).
In the translation-invariant case (V = 0), the many-body Hamiltonian does not have any ground state and there are sequences of approximate ground states. In this case, the quantum de Finetti does not apply, and the blow-up behavior of approximate ground states when a N ր a * as N → ∞ is still open problem. Moreover, because of the lack of compactness in the case V (x) = |x| p for p > 1, which is somewhat similar to the translation-invariant case (see Theorem 4 below), our result on Bose-Einstein condensation in Theorem 1 restricts only on the case V (x) = |x| p for 0 < p ≤ 1.
Organization of the paper. In Section 2 we revisit the blow-up phenomenon in Hartree theory. In Section 3, we establish energy estimates and moment estimates for the many-body ground state energy and ground states. The proof of the main Theorem 1 is concluded in Section 4. Appendix A contains the proof of the second moment estimate for ground state.
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Blow-up in Hartree Theory
In this section, we revisit the blow-up phenomenon for the Hartree problem
where E H a is given in (1.8). For the reader's convenience, we recall the following two theorems from [12, 31, 34] .
Theorem 3 (Existence and nonexistence of ground states). Assume that m > 0 and
and lim |x|→∞ V (x) = ∞, then the following statements hold true
> 0 and it has at least one minimizer. Moreover
Theorem 4 (Blow-up of Hartree ground states). Let V (x) = |x| p for some p > 0 and let u a be a non-negative minimizer of e H a for 0 < a < a * . Then for every sequence {a k } with a k ր a * as k → ∞, there exist a subsequence (still denoted by {a k } for simplicity) and an element Q ∈ G in (1.6) such that the following strong convergence hold true in
(2.1)
Here λ is determined in (1.9) and the optimal W coincides with the Q in (2.1) and (2.2). Furthermore, we have the asymptotic behavior of the ground state energy
where q = min{p, 1}.
The aim of this section is to extend the blow-up result in Theorem 4 to approximate ground states. We have the following Theorem 5 (Blow-up of Hartree approximate ground states). Assume that
Then there exists an Q ∈ G such that 
This implies that ũ k , ( √ −∆ + V )ũ k is bounded uniformly in N. Since √ −∆ + V has compact resolvent, by the Banach-Alaoglu theorem and Sobolev's embedding, we deduce that up to a subsequence,ũ k converges to a function W weakly in
. Moreover, we have
By taking the limit k → ∞ and using Fatou's lemma and the Hardy-Littlewood-Sobolev inequality, this implies that
Thus W is an optimizer for (1.2) with W L 2 = 1. On the other hand, recall that (1.2) admits at least a normalized optimizer which satisfies (1.4). Therefore,
for some b > 0, x 0 ∈ R 3 , and for Q ∈ H 1/2 (R 3 ) is a positive radially symmetric decreasing solution to equation (1.4). We first deduce from W L 2 = 1 and (2.5) that Q L 2 = 1 and Q satisfies
Since Q solves equation (1.4), we then deduce from (1.4), (2.6) and Q L 2 = 1 that Q satisfies (1.3). Hence, Q ∈ G. Finally, we conclude thatũ k → W ∈ G by proving that W = Q, i.e. we prove b = 1 and x 0 = 0. By taking the limit k → ∞ in (2.4) we get
Note that (−∆) 1/4 Q L 2 = 1 by (1.3) and
by the Hardy-Littlewood rearrangement inequality as Q is symmetric decreasing and V is strictly symmetric increasing (see [24, Theorem 3.4] ). Thus
On the other hand, it is elementary to check that
with the unique optimal value t = λ. Therefore, the equality in (2.9) must occurs, and hence b = 1. This also implies that the equality in (2.8) must occurs, and hence x 0 = 0.
Remark 6. The result in Lemma 5 can be extended to the case p > 1. We will need to use concentration-compactness argument [29] to dead with the lack of compactness (see e.g. [31] ). We then find that there exist an Q ∈ G and a sequence {y k } ∈ R 3 such that
Many-body energy estimates
In this section we settle some energy estimates for the many-body ground state energy and the ground states. Using the ideas of proof of (1.7) in [27] , we have the following asymptotic formular for the quantum energy Lemma 7. Let V (x) = |x| p for some p > 0, and 0 < a * − a N ≤ O(N −α ) with 0 < α < 1/3. Then we have, as N → ∞,
Proof. The upper bound follows from the variational principle
To deal with the lower bound, we follow the method of Lieb-Yau [27] to obtain that
We deduce from the asymtotic formula of e
On the other hand, it follows from the formula of a
The error term N
Let us introduce the following shorthand notation
Note that h ≥ m > 0. We will need the following technical result, whose proof is given in Appendix A below.
Lemma 8 (Operator bound for two-body interactions). We have
The aim of this section is to establish the following moment estimates for the ground state.
Lemma 9. Let V (x) = |x| p for some p > 0, and 0 < a
N be a ground state of H N . Then we have
Tr hγ
where q = min{p, 1}. Futhermore, if 0 < p ≤ 1 we have
Proof. For any ǫ > 0, we rewrite the Hamiltonian H N as follow
where the modified Hamiltonian H ǫ,N is defined by
and e Q ǫ,N is the corresponding ground state energy. Here we choose 0 < ǫ < 1 such that a N 1 − ǫ < a * . In particular, we can choose 0
Taking the expectation against Ψ N and using the asymptotic formula for e Q N and e Q ǫ,N in Lemma 7, we find that e Q ǫ,N ≥ 0, and hence Tr hγ
This is the first estimate in (3.3). To obtain the second estimate in (3.3), we process as follow. By the ground state equation
Now we are after an operator lower bound on
For every fixed i = 1, 2, . . . , N we have
We can multiply with h x i (which commutes with both sides) and then take the sum over i. This gives
On the other hand, by (3.2) we have
In summary, we found the operator bound
Taking expectation against Ψ N we obtain e Q N Tr hγ
Thus the second inequality in (3.3) follows from the first one. Now we prove (3.4) with assumption 0 < p ≤ 1. We first rewrite the Hamiltonian H N as follow
where the modified HamiltonianH N is defined bỹ
Since Ψ N is a ground state of H N , we have
It follows from Theorem 4 and Lemma 7 that
whereλ is determined analogously to λ in (1.9) in case 0 < p ≤ 1 (with V (x) is replaced by V (x)/2), and hence it is obviously that 0 <λ < λ. Therefore, (3.4) is deduced from (3.5)-(3.6) and the asymptotic formular of e Q N in Lemma 7.
Remark 10. It follows from Lemma 7 and the arguments of proof of the first estimate in (3.3) that, for a fixed N large and 0 < a * − a N ≤ O(N −α ) with 0 < α < 1/3,
From this we have e Q N > −∞ and the existence of ground states of the Hamiltonian H N follows easily from the standard direct method inthe calculus of variations.
Many-body blow-up
Now we turn to the proof of the main result. In our paper, we will use the quantum de Finetti theorem of Størmer [33] and Hudson and Moody [15] . The following formulation is taken from [19, Corollary 2.4] (see [32] for a general discussion and more references) Theorem 11 (Quantum de Finetti). Let H be an arbitrary separable Hilbert space and let Ψ N ∈ N sym H with Ψ N = 1. Assume that the sequence of one-particle density matrices γ (k) Ψ N converges to γ (k) strongly in trace-class when N → ∞. Then, up to a subsequence, there exists a (unique) Borel probability measure µ on the unit sphere SH, invariant under the group action of S 1 , such that
We will also use a quantitative version of the quantum de Finetti theorem, originally proved in [4] (see [3, 7, 13, 20] . The following formulation is taken from [21, Lemma 3.4].
Theorem 12 (Quantitative quantum de Finetti
and let P be a finite-rank orthogonal projector with
Then there exists a positive Borel measure dµ Ψ on the unit sphere SP H such that
We will apply the Lemma 12 with P a spectral projector below an energy cut-off L for the one-particle operator
, the dimension of the low-lying subspace
is finite. Moreover it is controlled by a semi-classical inequality "à la Cwikel-Lieb-Rosenblum" stated in the next lemma. This work is due to Daubechies [5] , see also [8] and [25, Theorem 4 .2] for a thorough discussion of related inequalities.
Lemma 13 (Low-lying bound states of the one-body Hamiltonian). Let V (x) = |x| p for some p > 0, then for L large enough we have
Proof. The number of eigenvalues of √ −∆ + m 2 + V below L is smaller than the number of non-positive eigenvalues of √ −∆ + V − L, and it can be estimated by 
Tr h ⊗ hγ
Now we assume that 0 < p ≤ 1. Inserting the moment estimates (3.3) into (4.4) and (4.5), we obtain
It is straightforward to see that if we have addtitionally α < p 17p + 15 then obviously 0 < α < 1/3, and it follows from Lemma 7, with 0 < a
Hence we can choose L > 0 appropriately such that
, we deduce from Tr P γ
Therefore, by (4.1) and the triangle and the Cauchy-Schwarz inequality, we also obtain
Let us prove that
Indeed, assume by contradiction that (4.11) fails. Then we can find u N ∈ A N such that lim sup
Since u N ∈ A N and δ N → 0, we deduce from (4.10) that
But then Lemma 5 implies that there exist an Q ∈ G such that
From (4.12) and (4.13) we get
This contradiction shows that (4.11) holds true. On the other hand, by the choice of
Thus we conclude from (4.9) and (4.11) that for every v ∈ L 2 (R 3 ) and k ∈ N,
On the other hand, we note that γ
is by definition bounded in the trace class, and hence γ
is, so that we can extract a subsequence along which
Modulo a diagonal extraction argument, one can assume that the convergence is along the same subsequence for any k. We now argue that the convergence is actually strong. Indeed, we infer from (3.3) and (3.4) that To complete the proof, we will show that dµ is supported on G. From (4.14) and the strong convergence γ We assume for contradiction that there exists v 0 in the support of dµ (the unit sphere SH) and v 0 / ∈ G. We claim that we could then find δ ∈ (0, 1/2) such that
where
Indeed, if that were not the case, we would have two sequences strongly converging in L 2 (R 3 )
u n → u 0 ∈ G, v n → v 0 with u n − v n L 2 → 0, and thus v 0 ∈ G, a contradiction. Here we have used the fact that G is a compact subset of L 2 (R 3 ). On the other hand, by the triangle inequality, we have
Combining (4.17), (4.18) and (4.19) we find that
for all k ∈ N. By taking k → ∞ we obtain that dµ(D) = 0. However, it is a contradiction to the fact that D is an open subset of the support of dµ and dµ is a Borel measure. Thus we conclude that dµ is supported on G and the proof is complete.
Appendix A. Proof of Lemma 8
We are going to prove that the following inequalities |x − y| 
